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ON HORADAM QUATERNIONS BY USING MATRIX
METHOD
ELIF TAN AND HO-HON LEUNG
Abstract. In this paper, we give several matrix representations for the
Horadam quaternions. We derive several identities related to these quater-
nions by using the matrix method. Since quaternion multiplication is not
commutative, some of our results are non-commutative analogues of the
well known identities for the Fibonacci-like integer sequences. Lastly, we
derive some binomial-sum identities for the Horadam quaternions as an
application of the matrix method.
1. Introduction
The real quaternion algebra is defined by
H = {a0 + a1i+ a2j + a3k : al ∈ R, l = {0, 1, 2, 3}},
where the basis {1, i, j, k} satisfies the following multiplication rule:
i2 = j2 = k2 = −1,
ij = −ji = k, jk = −kj = i, ki = −ik = j
The addition and multiplication of two quaternions p = a0+a1i+a2j+a3k
and q = b0 + b1i+ b2j + b3k are defined by
p+ q := (a0 + b0) + (a1 + b1) i+ (a2 + b2) j + (a3 + b3) k,
pq := a0b0 − a1b1 − a2b2 − a3b3
+(a0b1 + a1b0 + a2b3 − a3b2) i
+(a0b2 + a2b0 + a3b1 − a1b3) j
+(a0b3 + a3b0 + a1b2 − a2b1) k.
The multiplication of a quaternion by the real scalar c is defined as
cp := ca0 + ca1i+ ca2j + ca3k,
and the norm of a quaternion q is defined by
N (q) := qq = a20 + a
2
1 + a
2
2 + a
2
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where q = a0− a1i− a2j − a3k is the conjugate of a generalized quaternion q.
We note that, in general, p q 6= pq. Hamilton’s book [6] serves as an excellent
reference to the properties of quaternions.
There has been increasing interest on Fibonacci-type quaternions which are
defined by using special integer sequences such as Fibonacci, Lucas, Pell, Ja-
cobsthal sequences, etc. The properties of these quaternion sequences have
been extensively studied by several researchers. In particular, Horadam [8]
defined the Fibonacci quaternions and Lucas quaternions over the real quater-
nion algebra H as
Qn = Fn + Fn+1i+ Fn+2j + Fn+3k
and
Kn = Ln + Ln+1i+ Ln+2j + Ln+3k,
where Fn is the n-th Fibonacci number defined by the recurrence relation
Fn = Fn−1 + Fn−2, n ≥ 2 with the initial conditions F0 = 0, F1 = 1 and
Ln is the n-th Lucas number which satisfies the same recurrence relation as
Fibonacci numbers but begins with the initial conditions L0 = 2, L1 = 1.
Halıcı and Karatas [5] generalized the Fibonacci quaternions to the Horadam
quaternions as
Wn = wn + wn+1i+ wn+2j + wn+3k, (1.1)
where {wn} := {wn (w0, w1; p, q)} is the nth Horadam number [7] defined by
wn = pwn−1 + qwn−2, n ≥ 2
with initial conditions w0 and w1. We note that {wn (0, 1; p, q)} = {un} is
the (p, q)-Fibonacci sequence and {wn (2, p; p, q)} = {vn} is the (p, q)-Lucas
sequence. Similarly, if we take the initial conditions w0 = 0 and w1 = 1, the
equation (1.1) is reduced to the (p, q)-Fibonacci quaternions [9]:
Un = un + un+1i+ un+2j + un+3k, (1.2)
and if we take w0 = 2 and w1 = p, it gives the (p, q)-Lucas quaternions [13]:
Vn = vn + vn+1i+ vn+2j + vn+3k, (1.3)
where un and vn are the nth (p, q)-Fibonacci quaternions and (p, q)-Lucas
quaternions respectively. Morales’s paper [21] serves as an excellent reference
for the properties of the (p, q)-Fibonacci quaternions and (p, q)-Lucas quater-
nions. Also, the Horadam quaternions for negative subscripts can be defined
by
W
−n := w−n + w−n+1i+ w−n+2j + w−n+3k.
For negative subscripts, we note that (−q)nw
−n = w0un+1 − w1un.
On the other hand, the matrix method is also very useful to obtain some
algebraic properties of the Fibonacci numbers and Fibonacci quaternions. In
particular, the Cassini’s identity can easily be obtained by computing the
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determinant of the Fibonacci quaternion matrix
(
Q2 Q1
Q1 Q0
)
which was first
defined by Halici [4]. Similar to the Fibonacci quaternion matrix, Szynal-
Liana and Wloch [14,15] gave matrix representations for the Pell quaternions
and Jacobsthal quaternions. More generally, Patel and Ray [13] introduced
the (p, q)-Fibonacci quaternion matrix as follows:
U :=
(
U2 qU1
U1 qU0
)
⇒ UAn−1 =
(
Un+1 qUn
Un qUn−1
)
(1.4)
where the matrix A satisfies the following matrix relation:
A :=
(
p q
1 0
)
⇒ An =
(
un+1 qun
un qun−1
)
. (1.5)
Recently, Bitim [2] introduced several new quaternion matrices and derived
some identities of Fibonacci and Lucas quaternions by using these matrices.
For details related to the matrix A, see [3,12]. For additional references related
to the Fibonacci-type matrices and Fibonacci-type quaternion matrices, see
the papers [10,17–20,23].
It is well known that the quaternion multiplication is non-commutative.
But it is interesting that some results related to this property was obtained
incorrectly. Some of these were pointed out in our former work [16]. One of
the main advantages of using the Fibonacci-type quaternion matrices is that
it prevents such kind of mathematical errors which may have occurred in some
published papers. Since the quaternion multiplication is non-commutative, we
get different results when we compute the determinant by expanding along dif-
ferent rows or columns. By taking extra care of the quaternion multiplication,
we get correct results based on the determinant properties of the quaternion
matrices. It was also pointed out by Alves [1].
This paper is organized as follows: In Section 2, we derive some ma-
trix representations of the Horadam quaternions which generalize the former
Fibonacci-like quaternion matrices that are mentioned above. In particular,
we get two matrix identities, (2.2) and (2.3), to generate the Horadam quater-
nions. Both of the identities can be used to obtain some properties of the
Horadam quaternions. The first matrix identity (2.2) is obtained by the prod-
uct of the matrices whose entries are (p, q)-Fibonacci quaternions and Ho-
radam numbers respectively. The second matrix identity (2.3) is obtained
by the product of the matrices whose entries are Horadam quaternions and
(p, q)-Fibonacci numbers respectively. We derive several identities related to
these quaternions by using the matrix method. In Section 3, we obtain some
binomial-sum identities for the Horadam quaternions as an immediate applica-
tion of the matrix method used in the previous section. Our results generalize
the identities derived by Halici [4], Ipek [9], Kesim and Polatli [11].
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2. Main results
It is known that, for the Horadam sequence {wn} , we have the matrix
relation
T :=
(
w2 qw1
w1 qw0
)
⇒ TAn−1 =
(
wn+1 qwn
wn qwn−1
)
. (2.1)
Considering the matrix equalities in (1.4) and (2.1), we have a matrix rep-
resentation of the Horadam quaternions as follows:
For n ≥ 1, we have(
TA
n−1
)
U = U
(
TA
n−1
)
=
(
Wn+2 qWn+1
Wn+1 qWn
)
. (2.2)
On the other hand, by using induction we have another matrix representa-
tion for the Horadam quaternions as follows:
For n ≥ 1, we have
W :=
(
W2 qW1
W1 qW0
)
⇒ AnW = WAn =
(
Wn+2 qWn+1
Wn+1 qWn
)
. (2.3)
Remark 1. For {wn(0, 1; 1, 1)} and {wn(2, 1; 1, 1)} in (2.3), we obtain the ma-
trix representations of Fibonacci and Lucas quaternions [2, Theorem 1, Theo-
rem 2] respectively. Thus, the results of this paper reduce to the identities in
Bitim’s paper [2].
The following theorem gives the Cassini identities for Horadam quaternions.
If we take the determinant on both sides of the matrix equation (2.3) by ex-
panding along the first row and second row, we get (2.4) and (2.5) respectively.
Similarly, if we take the determinant on both sides of the matrix equation in
(2.2) by expanding along the first row and second row, we get (2.6) and (2.7)
respectively.
Theorem 1. For a nonnegative integer n, we have
Wn+1Wn−1 −W
2
n = (−q)
n−1
(
W2W0 −W
2
1
)
, (2.4)
Wn−1Wn+1 −W
2
n = (−q)
n−1
(
W0W2 −W
2
1
)
, (2.5)
Wn+1Wn−1 −W
2
n = (−q)
n−1
(
U2U0 − U
2
1
) (
w21 − pw1w0 − qw
2
0
)
, (2.6)
Wn−1Wn+1 −W
2
n = (−q)
n−1
(
U0U2 − U
2
1
) (
w21 − pw1w0 − qw
2
0
)
. (2.7)
Remark 2. We note that the terms on the right hand side of the equations
(2.6) and (2.7) can be expressed as
U2U0 − U
2
1 = −
(
−1 + q − q2 + q3 + V0 − pq (qi+ pj − k)
)
,
U0U2 − U
2
1 = −
(
−1 + q − q2 + q3 + V0 + pq (qi+ pj − k)
)
(see [21]).
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Theorem 2. For integers m,n ≥ 1, the following equalities hold:
wnUm+1 + qwn−1Um = Wn+m, (2.8)
unWm+1 + qun−1Wm = Wn+m, (2.9)
Wm+1Un+1 + qWmUn = U2Wm+n + qU1Wm+n−1, (2.10)
Wm+1Wn+1 + qWmWn = W2Wm+n + qW1Wm+n−1. (2.11)
Proof. By the matrix equality
(
TA
m+n−2
)
U =
(
TA
n−1
) (
A
m−1
U
)
and the
matrix equations (1.4), (2.2), we get(
Wm+n+1 qWm+n
Wm+n qWm+n−1
)
=
(
wn+1 qwn
wn qwn−1
)(
Um+1 qUm
Um qUm−1
)
.
Similarly, by the matrix equality WAm+n−2 =
(
WA
m−1
)
A
n−1 and (2.3), we
get (
Wm+n qWm+n−1
Wm+n−1 qWm+n−2
)
=
(
Wm+1 qWm
Wm qWm−1
)(
un qun−1
un−1 qun−2
)
.
By comparing the corresponding entries in the matrices on both sides of the
equations, we get the results (2.8) and (2.9).
By the matrix equality U
(
TAm+n−3U
)
=
(
UTAm−2
) (
UAn−1
)
and the ma-
trix equations (1.4), (2.2), we get(
U2 qU1
U1 qU0
)(
Wm+n qWm+n−1
Wm+n−1 qWm+n−2
)
=
(
Wm+1 qWm
Wm qWm−1
)(
Un+1 qUn
Un qUn−1
)
.
Similarly, by the matrix equality W
(
A
m+n−2
W
)
=
(
WA
m−1
) (
WA
n−1
)
and
(2.3), we get(
W2 qW1
W1 qW0
)(
Wm+n qWm+n−1
Wm+n−1 qWm+n−2
)
=
(
Wm+1 qWm
Wm qWm−1
)(
Wn+1 qWn
Wn qWn−1
)
.
By comparing the corresponding entries in the matrices on both sides of the
equation, we get the result (2.10) and (2.11). 
We note that, although the first matrix identity (2.2) can be used to obtain
identities involving both (p, q)-Fibonacci quaternions and Horadam quater-
nions, the second matrix identity (2.3) gives identities involving only Horadam
quaternions.
As corollaries, we state two quadratic identities for Horadam quaternions
below.
Corollary 1. Let n be a positive integer. The following equality holds:
W 2n+1 + qW
2
n = W1W2n+1 + qW0W2n.
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Proof. By Theorem 2, we have
W 2n+1 + qW
2
n = W2W2n + qW1W2n−1
= (pW1 + qW0)W2n + qW1W2n−1
= qW0W2n +W1 (pW2n + qW2n−1)
= W1W2n+1 + qW0W2n.

Corollary 2. Let n be a positive integer. The following equality holds:
W 2n+1 − q
2W 2n−1 = p (W1W2n + qW0W2n−1) .
Proof. First, we have
W 2n+1 − q
2W 2n−1 =
(
W 2n+1 + qW
2
n
)
− q
(
W 2n + qW
2
n−1
)
. (2.12)
Then, we do the following computations
W 2n+1 + qW
2
n =
(
Wn+1 qWn
)(Wn+1
Wn
)
=
(
W1 qW0
)
A
n
A
n
(
W1
W0
)
=
(
W1 qW0
)
A
2n
(
W1
W0
)
. (2.13)
Similarly, we also have
W 2n + qW
2
n−1 =
(
W1 qW0
)
A
2n−2
(
W1
W0
)
. (2.14)
By (2.12), (2.13) and (2.14), we have
W 2n+1 − q
2W 2n−1 =
(
W1 qW0
) (
A
2n − qA2n−2
)(W1
W0
)
=
(
W1 qW0
)
A
2n−2
(
A
2 − qI
)(W1
W0
)
= p
(
W1 qW0
)
A
2n−2
A
(
W1
W0
)
(2.15)
= p (W1W2n + qW0W2n−1) .
We note that the equality (2.15) is due to the Cayley-Hamilton theorem:
A
2 − pA− qI =
(
0 0
0 0
)
.

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By Theorem 2, we have the following matrix equations for the Horadam
quaternions Wn: (
Wn+m+1
Wn+m
)
=
(
wn+1 qwn
wn qwn−1
)(
Um+1
Um
)
, (2.16)(
Wn+m
Wn
)
=
(
um qum−1
0 1
)(
Wn+1
Wn
)
. (2.17)
We look at another Horadam sequence {zn} := {wn(z0, z1; p; q)}. That is,
zn = pzn−1 + qzn−2, n ≥ 2
with initial conditions z0 and z1. We get another set of Horadam quaternions
as follows:
Zn = zn + zn+1i+ zn+2j + zn+3k.
It is clear that the Horadam quaternions Zn satisfy the same set of matrix
equations (2.16) and (2.17) by Theorem 2. The following theorem is a gen-
eralization of the Catalan identity for Fibonacci sequence to the cases that
involve two sets of Horadam quaternions Wn and Zn.
Theorem 3. Let n, r, and s be positive integers. Let Wn and Zn be two
sets of Horadam quaternions defined by using the Horadam sequences {wn} =
{wn(w0, w1; p, q)} and {zn} = {wn(z0, z1; p, q)} respectively. Then,
Zn+rWn+s − ZnWn+r+s = (−q)
nur (Z1Ws − Z0Ws+1) .
Proof. By the equation (2.17), we do the following computation:
(
Zn+r Zn
)
=
(
Zn+1 Zn
)( ur 0
qur−1 1
)
=
(
Z1 Z0
)(p 1
q 0
)n(
ur 0
qur−1 1
)
,
(2.18)(
Wn+s
−Wn+r+s
)
=
(
1 0
−qur−1 ur
)(
Wn+s
−Wn+s+1
)
=
(
1 0
−qur−1 ur
)(
0 −1
−q p
)n+s(
W0
−W1
)
.
(2.19)
We also note that(
p 1
q 0
)n (
ur 0
qur−1 1
)(
1 0
−qur−1 ur
)(
0 −1
−q p
)n+s
=
(
p 1
q 0
)n
(urI)
(
0 −1
−q p
)n+s
= ur
(
p 1
q 0
)n(
0 −1
−q p
)n (
0 −1
−q p
)s
= ur ((−q)
nI)
(
0 −1
−q p
)s
= (−q)nur
(
0 −1
−q p
)s
. (2.20)
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By (2.18), (2.19) and (2.20), we get
Zn+rWn+s − ZnWn+r+s =
(
Zn+r Zn
)( Wn+s
−Wn+r+s
)
= (−q)nur
(
Z1 Z0
)( 0 −1
−q p
)s(
W0
−W1
)
(2.21)
= (−q)nur
(
Z1 Z0
)( Ws
−Ws+1
)
= (−q)nur (Z1Ws − Z0Ws+1) .

Remark 3. It is worthwhile to note that Tangboonduangjit and Thanati-
panonda [22, Proposition 1] proved the same identity as in Theorem 3 for
integer sequences satisfying a general second-order recurrence relation with
constant coefficients.
We have the following corollary immediately.
Corollary 3. For positive integers n, r, and s, we have
Un+rUn+s − UnUn+r+s = (−q)
nur (U1Us − U0Us+1) ,
Un+rWn+s − UnWn+r+s = (−q)
nur (U1Ws − U0Ws+1) ,
Wn+rUn+s −WnUn+r+s = (−q)
nur (W1Us −W0Us+1) ,
Wn+rWn+s −WnWn+r+s = (−q)
nur (W1Ws −W0Ws+1) .
Remark 4. If we replace n by n − 1 and set r = 1, s = 1, we get back the
Cassini’s identity (2.5).
We define a commutator bracket between the Horadam quaternions Zn and
Wn by
[Zn,Wn]0 := Z1W0 − Z0W1.
We note that [Wn,Wn]0 6= 0 since multiplication is non-commutative for
quaternions. Also, we define the following function for Zn and Wn:
∆(Zn,Wn) := Z1W1 − pZ0W1 − qZ0W0.
It is clear that the commutator bracket and the function ∆ can be defined
on any integer sequences also. For examples, we have [wn, wn]0 = 0 for any
Horadam sequence {wn} and
∆(Fn, Fn) = F1F1 − F0F1 − F0F0 = 1,
∆(Ln, Ln) = L1L1 − L0L1 − L0L0 = −5,
∆(Fn, Ln) = F1L1 − F0L1 − F0L0 = 1,
∆(Ln, Fn) = L1F1 − L0F1 − L0F0 = −1,
∆(wn, wn) = w
2
1 − pw0w1 − qw
2
0.
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Waddill [24, equation (21)] showed the following result for Horadam sequences
{wn}:
wn+rwn+s − wnwn+r+s = (−q)
nurus∆(wn, wn). (2.22)
The matrix computation we did in the proof of Theorem 3 can be done in
an alternative way such that the expression Zn+rWn+s − ZnWn+r+s does not
depend on Zn and Wn for n ≥ 2 . We present it as a corollary.
Corollary 4. Let n, r, and s be positive integers. Let Wn and Zn be two
sets of Horadam quaternions defined by using the Horadam sequences {wn} =
{wn(w0, w1; p, q)} and {zn} = {wn(z0, z1; p, q)} respectively. Then,
Zn+rWn+s − ZnWn+r+s = (−q)
nur (qus−1[Zn,Wn]0 + us∆(Zn,Wn)) .
Proof. By the equation (2.21), we have the following computation:
(−q)nur
(
Z1 Z0
)( 0 −1
−q p
)s(
W0
−W1
)
= (−q)nur
(
Z1 Z0
)(qus−1 −us
−qus us+1
)(
W0
−W1
)
= (−q)nur (qus−1Z1W0 − qusZ0W0 + usZ1W1 − us+1Z0W1)
= (−q)nur (qus−1Z1W0 − qusZ0W0 + usZ1W1 − (pus + qus−1)Z0W1)
= (−q)nur
(
qus−1 (Z1W0 − Z0W1) + us (Z1W1 − pZ0W1 − qZ0W0)
)
and hence the desired result. 
Remark 5. By Corollary 4, we have
Wn+rWn+s −WnWn+r+s = (−q)
nur (qus−1[Wn,Wn]0 + us∆(Wn,Wn)) .
It is the non-commutative version of the identity (2.22) as we have a non-
commutative multiplication rule for the Horadam quaternions.
On the other hand, we have yet another matrix computation for the expres-
sion Wn+rWn+s−WnWn+r+s due to equation (2.16). The theorem below is a
generalization of Cassini’s identities stated in equations (2.6) and (2.7).
Theorem 4. Let n, r, and s be positive integers. Let Wn be the Horadam
quaternions defined by using the Horadam sequences {wn} = {wn(w0, w1; p, q)}.
Then,
Wn+rWn+s −WnWn+r+s = (−q)
nur (U1Us − U0Us+1)∆(wn, wn).
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Proof. By equations (2.16) and (2.17), we have the following matrix compu-
tation,
(
Wn+r Wn
)
=
(
Wn+1 Wn
)( ur 0
qur−1 1
)
=
(
U1 U0
)(wn+1 wn
qwn qwn−1
)(
ur 0
qur−1 1
)
, (2.23)(
Wn+s
−Wn+r+s
)
=
(
1 0
−qur−1 ur
)(
Wn+s
−Wn+s+1
)
=
(
1 0
−qur−1 ur
)(
qwn−1 −wn
−qwn wn+1
)(
Us
−Us+1
)
. (2.24)
We also note that(
wn+1 wn
qwn qwn−1
)(
ur 0
qur−1 1
)(
1 0
−qur−1 ur
)(
qwn−1 −wn
−qwn wn+1
)
=
(
wn+1 wn
qwn qwn−1
)
(urI)
(
qwn−1 −wn
−qwn wn+1
)
= ur
(
wn+1 wn
qwn qwn−1
)(
qwn−1 −wn
−qwn wn+1
)
= ur
(
q(wn+1wn−1 − w
2
n) 0
0 q(−w2n + wn−1wn+1)
)
= (−q)ur(w
2
n −wn+1wn−1)I
= (−q)nur
(
w21 − w0w2
)
I. (2.25)
The last equality is due to a general Catalan identity for Horadam sequences
(see Tangboonduangjit and Thanatipanonda [22, Proposition 1]). We combine
(2.23), (2.24) and (2.25) to get
Wn+rWn+s −WnWn+r+s =
(
Wn+r Wn
)( Wn+s
−Wn+r+s
)
= (−q)nur
(
w21 − w0w2
) (
U1 U0
)( Us
Us+1
)
= (−q)nur
(
w21 − w0w2
)
(U1Us − U0Us+1)
= (−q)nur
(
w21 − w0(pw1 + qw0)
)
(U1Us − U0Us+1)
= (−q)nur (U1Us − U0Us+1)∆(wn, wn).

Remark 6. If we replace n by n− 1 and set r = s = 1 in Theorem 4, then we
get the identities (2.6) and (2.7).
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Finally, we will derive identities involving (p, q)-Fibonacci and (p, q)-Lucas
quaternions. We need another matrix identity as follows:
For n ≥ 1, by induction, we have
K :=
(
V1 dU1
U1 V1
)
⇒ KBn−1 = 2n−1
(
Vn dUn
Un Vn
)
(2.26)
where the matrix B satisfies the following matrix relation:
B :=
(
p d
1 p
)
⇒ Bn = 2n−1
(
vn dun
un vn
)
(2.27)
and d := p2 + 4q.
By using the matrix equalities (2.26) and (2.27), we obtain the following
results.
Theorem 5. For n ≥ 1, we have
V 2n − dU
2
n = (−q)
n−1
(
V 21 − dU
2
1
)
= 4 (−q)n
(
V0 +
(
−1 + q − q2 + q3
))
, (2.28)
vmVn + dumUn = 2Vm+n, (2.29)
umVn + dvmUn = 2Um+n, (2.30)
VmVn + dUmUn = V1Vm+n−1 + dU1Um+n−1, (2.31)
UmVn + VmUn = U1Vm+n−1 + V1Um+n−1. (2.32)
Proof. By taking determinant on both sides of the matrix equality (2.26), we
obtain (2.28) (see also Morales’s paper [21]).
By considering the matrix equality KBm+n−1 =
(
KB
n−1
)
B
m, we get the
identities (2.29) and (2.30).
By the matrix equality K
(
B
m+n−2
K
)
= K
(
KB
m+n−2
)
=
(
KB
m−1
) (
KB
n−1
)
,
we have(
V1 dU1
U1 V1
)(
Vm+n−1 dUm+n−1
Um+n−1 Vm+n−1
)
=
(
Vm dUm
Um Vm
)(
Vn dUn
Un Vn
)
and hence(
V1Vm+n−1 + dU1Um+n−1 d (V1Um+n−1 + U1Vm+n−1)
U1Vm+n−1 + V1Um+n−1 dU1Um+n−1 + V1Vm+n−1
)
=
(
VmVn + dUmUn d (VmUn + UmVn)
UmVn + VmUn dUmUn + VmVn
)
.
By comparing the corresponding entries in the matrices on both sides of the
equation, we get the identities (2.31) and (2.32). 
Remark 7. We note that, for p = q = 1, the first result reduces to the identity
K2n − 5Q
2
n = 4 (−1)
n (2 + i+ 3j + 4k) .
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3. Some binomial-sum identities for Horadam quaternions
For any positive integer n, by (2.3), we have
A
n
(
W1
W0
)
=
(
p q
1 0
)n(
W1
W0
)
=
(
Wn+1
Wn
)
. (3.1)
Also, by induction on n, we have
A
−n
(
W1
W0
)
=
1
qn
(
0 q
1 −p
)n(
W1
W0
)
=
(
W1−n
W
−n
)
. (3.2)
By the Cayley-Hamilton theorem, we have
A
2 = pA+ qI. (3.3)
We state some binomial–sum identities for Horadam quaternions below.
Theorem 6. Let n and k be non-negative integers. Then,
n∑
j=0
(
n
j
)
pjqn−jWj+k = W2n+k.
Proof. By (3.3), we have
A
2n+k = AkA2n = Ak(pA+qI)n = Ak
n∑
j=0
(
n
j
)
pjqn−jAj =
n∑
j=0
(
n
j
)
pjqn−jAj+k.
Hence, we have
A
2n+k
(
W1
W0
)
=

 n∑
j=0
(
n
j
)
pjqn−jAj+k

(W1
W0
)
.
So, we obtain the result by (3.1) and comparing the second entries in the
matrices on both sides of the equation. 
Remark 8. If we set k = 0 in Theorem 6, for the (p, q)-Fibonacci quater-
nions defined by the (p, q)-Fibonacci sequence {wn(0, 1; p, q)}, we get the result
proved by Ipek [9, Theorem 2.7]; for the Horadam quaternions defined by the
Horadam sequences {wn(0, 1; p, 1)} and {wn(2, p; p, 1)}, we get the identities
shown by Kesim and Polatli [11, Theorem 2.4]; for the Fibonacci quaternions,
we get the first identity of Theorem 3.5 in Halici’s paper [4].
Theorem 7. Let n and k be non-negative integers. Then,
n∑
j=0
(
n
j
)
(−1)jpn−jWj+k = (−q)
nW
−n+k.
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Proof. By (3.3), we have
A(pI − A) = −qI
(pI − A) = −qA−1.
Hence, we have
(−q)nA−n+k = Ak(pI−A)n = Ak
n∑
j=0
(
n
j
)
(−1)jpn−jAj =
n∑
j=0
(
n
j
)
(−1)jpn−jAj+k.
So, we obtain the result by (3.2) and comparing the second entries in the
matrices on both sides of the equation. 
Remark 9. If we set k = 0 in Theorem 7 for the Fibonacci quaternions, then
we get the second identity of Theorem 3.5 in Halici’s paper [4].
Theorem 8. Let n and k be non-negative integers. Then,
n∑
j=0
(
n
j
)
qn−jW2j+k =
{
d
n
2 Wn+k, if n is even;
d
n−1
2 (Wn+k+1 + qWn−k−1) , if n is odd.
Proof. By (3.3), we have
(A2 − qI)2 = p2A2.
Hence, we have the following identity:
(A2 + qI)2 = (A2 − qI)2 + 4qA2 = (p2 + 4q)A2. (3.4)
If n is even, i.e., n = 2m where m is a fixed non-negative integer, by (3.4),
then we have
A
k(A2 + qI)n = Ak(A2 + qI)2m = (p2 + 4q)mA2m+k
n∑
j=0
(
n
j
)
qn−jA2j+k = (p2 + 4q)mA2m+k. (3.5)
If n is odd, i.e., n = 2m+1 where m is a fixed non-negative integer, by (3.4),
then we have
A
k(A2 + qI)n = Ak(A2 + qI)2m+1 = (p2 + 4q)mA2m+k(A2 + qI)
n∑
j=0
(
n
j
)
qn−jA2j+k = (p2 + 4q)m(A2m+k+2 + qA2m+k). (3.6)
We obtain the desired result by (3.1) and comparing the second entries in the
matrices on both sides of the equation. 
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For the (p, q)-Fibonacci sequence {un} = {wn(0, 1; p, q)} and the (p, q)-
Lucas sequence {vn} = {wn(2, p; p, q)}, the following identity can be shown
easily by induction on n:
un+1 + qun−1 = vn.
Based on this identity, it is clear that we have the same relationship between
the (p, q)-Fibonacci quaternions Un and the (p, q)-Lucas quaternions Vn as
follows:
Un+1 + qUn−1 = Vn.
Hence, we obtain Theorem 2.5 in Ipek’s paper [9] as a corollary of Theorem
8. For the sake of completeness of this paper, we state it as follows:
Corollary 5. Let n and k be non-negative integers. Then,
n∑
j=0
(
n
j
)
qn−jU2j+k =
{
d
n
2Un+k, if n is even;
d
n−1
2 Vn+k, if n is odd.
We state the last binomial-sum identity for the Horadam quaternions as
follows:
Theorem 9. Let n and k be non-negative integers. Then,
n∑
j=0
(
n
j
)
(−1)jqn−jW2j+k = (−p)
nWn+k.
Proof. By (3.3), we have
(−A2 + qI)n = (−pA)n.
Hence, we have
A
k(−A2 + qI)n =
n∑
j=0
(
n
j
)
(−1)jqn−jA2j+k = (−p)nAn+k.
We obtained the desired result by (3.1) and comparing the second entries in
the matrices on both sides of the equation. 
Remark 10. For the (p, q)-Fibonacci quaternions Un, we obtain Theorem 2.6
in Ipek’s paper [9] by Theorem 9.
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